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Transport = translocation of materials

biological significance: intracellular, intercellular, and transmembrane

flow of matter (breathing, blood circulation, transport across

membranes, metabolism)

Distinct transport mechanisms:

– Transport is due to a collective, directional motion of particles, such

as in a fluid flow 

– Trasport is due to independent random motion of particles, such as

diffusion

– Transporting materials through lipid bilayers – membrane transport



Macroscopically observable fluid flow

Basic principles I.
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Flow in rigid-wall tubes

Basic principles I.
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Stacionary flow
parameters of flow are constant in time

 Laws of flow in ideal fluids I.

A = cross-sectional area

v = flow velocity

Continuity equation:
volumetric flow rate is constant

A1v1

A2v2

A1v1 = A2v2 = constant
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 Laws of flow in ideal fluids I.

A = cross-sectional area

v = flow velocity

Continuity equation:
volumetric flow rate is constant

A1v1

A2v2

A1v1 = A2v2 = constant

Continuity principle: in a stacionary flow the volumetric

flow rate is constant

e.g. law of mass balance for incompressible fluids (gases?)



Viscosity – internal friction

Basic principles II. 
Viscosity (internal friction)

  

F

A
= h

Dv

Dy

F = shear force 
A = area of fluid layer 
η = viscosity 
v = flow velocity 
y = distance between fluid layers 
F/A = shear stress (τ) 
Δv/Δy = velocity gradient (D)
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1Pas = 1
Ns

m2
= 10P( poise)Units of viscosity:

Viscosity of distilled water (25 ˚C): 1 mPas (1 centipoise)

(Newton’s 
friction law)

h ∼ T h ∼ e
E k

B
T

N.B.: in gases: fluids:
Momentum exchange between particles acts 
against the gliding of layers past one another.

Viscosity decreases with the increase in the 
relative concentration of vacancies.



Types of fluids based on viscosity

e.g. water

e.g. blood

e.g.starch

e.g. toothpaste

h

D

ττf

NewtonianSt.  Venant

Casson

Bingham

Types of fluids

• τf = flow threshold 

• Viscoelastic materials: combination of viscous and 
elastic properties (e.g., solution of polymers, 
macromolecules) 

• Stress-relaxation: decay of stress in rapidly 
deformed viscoelastic body.  

• Blood is a non-newtonian fluid; it displays 
viscoelastic properties. 

Model of 
viscoelastic body - 
Kelvin-body: spring 

and dashpot 
coupled in parallel

Relationship between velocity gradient and shear 
stress in real fluids

1. Ideal 
frictionless, incompressible 
ρ = constant, η = 0 

2. Non-ideal (real) 
a. Newtonian (viscous) 
η independent of shear 
stress 

b. Non-newtonian 
(anomalous) 
η changes with shear 
stress

h = t / D



Viscosity – internal friction

Basic principles II. 
Viscosity (internal friction)

  

F

A
= h

Dv

Dy

F = shear force 
A = area of fluid layer 
η = viscosity 
v = flow velocity 
y = distance between fluid layers 
F/A = shear stress (τ) 
Δv/Δy = velocity gradient (D)

  

h =
t

D

y

A

v
F

y

F
A

vmin

vmax

Δv

  

1Pas = 1
Ns

m2
= 10P( poise)Units of viscosity:

Viscosity of distilled water (25 ˚C): 1 mPas (1 centipoise)

(Newton’s 
friction law)

h ∼ T h ∼ e
E k

B
T

N.B.: in gases: fluids:
Momentum exchange between particles acts 
against the gliding of layers past one another.

Viscosity decreases with the increase in the 
relative concentration of vacancies.



Friction on spherical particles – Stokes law

Frictional force is proportional with the velocity:

F = force 

γ = drag coefficient (shape factor) 

v = flow rate 

r = radius of sphere

η = viscosity

F = gv = 

6phrv



Types of flow:
laminar flow – fluid layers do not mix

turbulent flow – layers are mixing (chaotic streamlines)

Áramlások fajtái

1. Stacionárius 
Csőkeresztmetszeten időegység alatt átáramló 
folyadékmennyiség konstans (az áramlást 
jellemző mennyiségek nem változnak) 

2. Lamináris 
Folyadékrétegek nem keverednek 

3. Turbulens 
Folyadékrétegek keverednek

Reynolds-szám (Re):

v = folyadékáramlási sebesség (m/s) 
r = cső sugara (m) 
ρ = folyadék sűrűsége (kg/m3) 
η = viszkozitás (Ns/m2)

lamináris 
áramlás

turbulens 
áramlás

lamináris turbulens

Re ≈ 2000

“Ha találkozom Istennel, két kérdésem lesz: Miért relativitás? Miért turbulencia? 
Szerintem az elsőre fog tudni válaszolni.” (Werner Heisenberg)

Osborne Reynolds 
(1842-1912)

Re =
vrr

h

parabolic velocity profile Re > 1000 – turbulent flow appears
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Types of fluid flow
1. Stationary 

Volumetric flow rate stays constant (parameters 
characterizing flow remain unchaned). 

2. Laminar 
Fluid layers do not mix. 

3. Turbulent 
Fluid layers mix.

Reynolds number (Re):

v = flow rate (m/s)
r = tube radius (m)
ρ = density of fluid (kg/m3)
η = viscosity (Ns/m2)

laminar 
flow

turbulent 
flow

laminar turbulent

Re ≈ 2000

"When I meet God, I am going to ask him two questions:  Why relativity? And why 
turbulence? I really believe he will have an answer for the first." (Werner Heisenberg)

Osborne Reynolds 
(1842-1912)
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Bernoulli’s law
conservation of energy in ideal fluids

 Laws of flow in ideal fluids II.

  

p +
1

2
rv2 + rgh = konst

p         = static pressure

= dynamic pressure

= hydrostatic pressure

  

1

2
rv2

  

rgh

Bernoulli’s law - law of conservation of energy

Venturi tube

Daniel Bernoulli 

(1700-1782)

Static pressure drops at the 
tube narrowing

Giovanni Battista 
Venturi 

(1746-1822)

Application:  Venturi-effect

•Biphasic pulse (pulsus 
bisferiens) in aorta insufficiency  

•Aspirator (vacuum pump) 
• Inspirator (Bunsen-burner) 
•Sensors (volumetric flow rate) 
•Vacuum cleaner 
•Atomizer, spray, carburetor 
•Leadpipe and barrel of wind 
instruments 

•Diffuser

Applications: sprayer, atomizer, aspirator (vacuum pump), inspirator (Bunsen burner), 

diffuser, jet engine, wing profile, vacuum cleaner, biphasic pulse in aorta insufficiency
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Hagen-Poiseuille’s law
stacionary laminar flow of newtonian fluids and gases in rigid-wall tubes

Termodinamikai 
áram

Áramot fenntartó 
intenzív mennyiség-

különbség
Áramsűrűség Törvény

Térfogati áram Nyomás (p) Hagen-PoiseuilleJV = -
R2

8h

Dp

Dx

 Törvényszerűségek viszkózus 
folyadékokban II.

Hagen-Poiseuille törvény

V = térfogat 
t = idő 
R = sugár 
η = viszkozitás 
p = nyomás 
x = csőhossz

V/t = IV = térfogati áramerősség 
Δp/Δx   = nyomásgrádiens,  

    fenntartója p2-p1 (negatív!) 
A    = csőkeresztmetszet 
IV    = térfogati áramerősség

Merev 
falú 
cső R

x

p2p1

Parabolikus 
sebességprofil

G.H.L. Hagen 
(1797-1884)

J.-L.-M. Poiseuille 
(1799-1869) J
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A = R2p ⇒

N.B. 2: I
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8hDx
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1/Rcső

⇒ -Δp=Rcső·IV ⇒ U=R·I

Ohm-törvény!

N.B. 3:
Dv
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= R⇒ ⇒
A nyírófeszültség a fal közelében maximális (von Willebrand-faktor az 
érfal közelében nyúlik ki a nyíróerő hatására)

Termodinamikai 
áram

Áramot fenntartó 
intenzív mennyiség-

különbség
Áramsűrűség Törvény

Térfogati áram Nyomás (p) Hagen-PoiseuilleJV = -
R2

8h

Dp

Dx

 Törvényszerűségek viszkózus 
folyadékokban II.

Hagen-Poiseuille törvény

V = térfogat 
t = idő 
R = sugár 
η = viszkozitás 
p = nyomás 
x = csőhossz

V/t = IV = térfogati áramerősség 
Δp/Δx   = nyomásgrádiens,  

    fenntartója p2-p1 (negatív!) 
A    = csőkeresztmetszet 
IV    = térfogati áramerősség

Merev 
falú 
cső R

x

p2p1

Parabolikus 
sebességprofil

G.H.L. Hagen 
(1797-1884)

J.-L.-M. Poiseuille 
(1799-1869) J

V
=

V

tA
= -

R2

8h

Dp

Dx

N.B. 1: I
V

=
V

t
= -

R4p

8h

Dp

Dx
A = R2p ⇒

N.B. 2: I
V

= -
R4p

8hDx
Dp

1/Rcső

⇒ -Δp=Rcső·IV ⇒ U=R·I

Ohm-törvény!

N.B. 3:
Dv

Dr
∼ r

Dv

Dr

æ

èç
ö

ø÷
max

= R t
max

= R⇒ ⇒
A nyírófeszültség a fal közelében maximális (von Willebrand-faktor az 
érfal közelében nyúlik ki a nyíróerő hatására)

JV =
V

tA
=

R2

8h

Dp

Dx

Laws of flow in viscous fluids II.
Hagen-Poiseuille’s law

V/t = IV = volumetric vlow rate
Δp/Δx  = pressure gradient, 

   maintained by p2-p1 (negative!)
A      = cross-sectional area of tube
IV      = volumetric flow rate

V = volume
t = time
R = tube radius
η = viscosity
p = pressure
x = tube length

Rigid-
wall 
tube

R

x

p2p1

Parabolic flow 
profile

Thermodynamic 

current

Relevant intensive 

variable (its difference 

maintains current)

Current density Physical law

Volumetric flow Pressure (p) Hagen-PoiseuilleJV = -
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Electric model of the arterial vascular system



Medical significance of fluid flow laws
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veins) hence transports blood through the organism. The system of arteries carries 

blood away from the heart in different types of vessels. The aorta divides into 

major arteries that further divide into small arteries, then into arterioles and 

capillaries. These vessels are of increasing number of branches of smaller and 

smaller diameter. The venous system is arranged symmetrically but in the opposite 

direction, a smaller veins converge into larger ones (of larger diameter) until they 

reach the heart (see cover figure). 

 

For sake of simplicity, we will use a model of the arterial system of the systemic 

circulation (Fig. 6), but we will neglect the resistance of the veins. We will apply 

an analogy to the electric circuit. 
 

In the flow model (Fig. 6, upper panel) we supposed that every vessel of one type 

is of the same length and diameter, thus they have the same resistance to flow. The 

symmetry of the model implies that volumetric flow rate and the pressure drop is 

the same in the same type of vessels. 
 

We will use this statement in the electric model as well, hence if the same pressure 

drop corresponds to the same voltage (equipotential points),then the junctions can 

be cut short (Fig. 6, lower panel). This step makes it possible to treat the parts 

corresponding to one type of vessel separately, knowing the number of branches 

and the resistance of a single vessel of the given type, and the equivalent resistance 

of the given vessel type can be calculated. E.g., in case of the type B blood vessels: 

n

R
R B

eqB = .                                                  (7) 

As the main current (IA) flows through every vessel type, it becomes divided into 

electric current IB in each of the n vessels of type B. We obtain the value of the 

electric current in one branch by dividing by the number of branches in the given 

type. In the case of type B vessels, 

n

I
I A=B .                                                          (8) 

The total pressure drop of the electric model is equal to the electromotive force U0. 

By analogy, the sum of the pressure drops in the individual types of the vessels is 

equal to the pressure difference p0 maintained by the heart. According to the loop 

rule: 

U0 = UA + UB + UC + UD,     and, respectively,      p0 = pA + pB + pC + pD.      (9) 

 

 
 

Fig. 6. Simplified flow and electric model of the arterial vascular system. 

The equivalent resistance of n resistors of 

identical resistance R connected in parallel is: 

R
n

RRRRR

111111

ni21eq

×=+++= LL  

thus: 

n

R
R =eq  

If the Iin current into the junction divides 

equally into n branches, then according to 

the junction rule: 

 

Iin = I1 + I2 +…Ii +   In = n·I, 

 

where the current of one branch is given as: 

n

I
I in=  

 
 

Fig. 5. Even little change of the diameter 

of the vessels induces significant change 

in the volumetric flow rate. 

Neural control of the diameter of the blood 

vessels has a dramatic effect on their 

resistance to flow (Fig. 5). 

Arterioles are capable of 50% increase of 

their diameter (vasodilatation). At the same 

pressure difference and viscosity the 

volumetric flow rate (the measure of the 

blood flow) increases 1.54 » 5 times. 

As a counterexample, 16 % decrease of the 

diameter reduces blood flow by half in the 

given section. In this case the original blood 

flow would be restored at two times higher 

blood pressure. 

 

Kirchoff’s rules, known from electricity can 

be applied for the branching vessels as well. 

 

The loop rule states that when any closed 

circuit loop is traversed, the algebraic sum of 

the changes in potential on batteries and 

resistors must equal zero:  SUgen i + SI·Ri = 0 
 

The junction rule says that at any junction 

point in a circuit where the current can 

divide, the sum of the currents into the 

junction must equal the sum of the currents 

out of the junction:  SIin i + SIout i = 0. 

Physiological regulation of the blood flow depending on the needs of tissues/organs

regulation of the intensity of blood flow

(Hagen-Poiseuille’s law)



Flow parameters in the circulation

Medical biophysics practices                                                                   28. FLOW 28. 1 



Flow conditions in the arterial system: 

pulsatile flow, elastic arteriall wall
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The principle of the electric model of the vascular system is the similarity between 

Ohm's law and the Hagen-Poiseuille law. However, the validity of the Hagen-

Poiseuille law for the flow of fluid is limited. Therefore, the use of the electric 

model is limited as well. The law is valid only for the conditions mentioned earlier 

(Newtonian fluid, stationary laminar flow, rigid tube). However, the flow of blood 

differs because of some important features. First, its flow is pulsed, especially in 

the aorta and somewhat less in the arteries, thus it is not stationary. Second, the 

walls of the blood vessels are not rigid, but elastic. As a result, the pulsating 

pressure waves caused by the heart are damped to some extent (title figure, 

bottom). Furthermore, the maintenance of steady flow and high volumetric flow 

rate is assisted by the blood-vessel elasticity (see Fig. 7). The effect of the elasticity 

on fluid flow is demonstrated by the second demonstration experiment. Finally, 

blood is not a Newtonian fluid. 

 

EXPERIMENTS 
 

VISCOSITY MEASUREMENT 

 

1. demonstration. In the system shown in Fig. 8 (Ostwald's viscosimeter), a fluid 

of volume DV and of known density r flows driven by gravity from the upper 

container to the lower one through a capillary of length l and radius r. The time of 

the flow D t is measured by a timer. Flow is maintained by a hydrostatic pressure 

difference pD  resulting from the average difference between the fluid levels hD  

(while the upper fluid level decreases the lower one increases), given as: 

 

hgp D××=D r ,                                               (10) 

 

where g is the gravitational constant. The viscosity h of the fluid can be calculated 

by substituting into the Hagen-Poiseuille law (equation (3)) as: 

 

t
l

hg

V

r
D×

D××
×

D
×=

rp
h

4

8
.                                       (11) 

 

In this measurement the resistance to flow of the tubes of large diameter is 

neglected. 

 

ROLE OF THE ELASTICITY OF THE BLOOD VESSEL WALLS IN CASE OF 

PULSING BLOOD FLOW 

 

2a. demonstration. Compare pulsed and stationary flow in the elastic and rigid 

tubes with a simple mechanical model. The experiment speaks for itself. 

 

2b. demonstration. The circuit shown in the diagram (Fig. 9) is used in the 

following demonstration and in the individual experiments as well. 

 

The main branch A divides into n vessels of type B, and these divide into m 

branches of type C. Characteristics of the vessel type are: number of branches and 

resistance of a single vessel. Each vessel of the same type has identical resistance, 

thus the ends of the vessels of each type can be connected (as equipotential points) 

in the same junction. One branch of each type of the vessel is broken in order to be 

able to connect the ammeter. The model is supplied by a pulsed (half-wave 

rectified) current. 

 

1. Connect the oscilloscopes to the points (1), (2) and (3) against (4). Notice, that 

pulsed direct current flows in the whole system (Half-wave rectifying models the 

pulsed blood flow from the heart). 

 

2. Connect ammeter in the main branch (at 0.5 A range). Connect capacitors one 

by one to the points (1), (2) and (3) against (4). It has an effect that the pulsation of 

the voltage decreases at the points (1), (2) and (3) and the current increases more 

than two times. 

 

 
 

Fig. 8. Schematics of the 

measurement of viscosity. 

 

Viscosity (h) is a coefficient that 

characterizes the material. Viscosity of the 

macromolecule solution is related to the 

molecular mass of the macromolecules and 

their shape (globular, elongated, etc.).  

Viscosity of blood depends mostly on the 

amount of corpuscular elements, essentially 

the hematocrit value, and is an important 

factor in blood flow. 

 

 
 

Fig. 7. Role of elasticity of the blood 

vessel walls. 
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Flow conditions in the arterial system: 

pulsatile flow, elastic arteriall wall
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Determinants of blood viscosity

3. Plasticity of  red blood cells

•65% suspension of blood-cell-size particles is rock hard.  
•By contrast, a 95% blood suspension if fluid, with 
viscosity of ~20 mPas!
•Deformation of red blood cells: droplet, parachute, 
arrowhead shapes.

Deformation of a RBC 
with optical tweezers

Disc-shaped cell with 7-11 µm 
diameter

Fixed RBC maintaining 
impression (AFM)

Disk-shaped cells with 7-11 um diameter

Viscosity of blood



Roleaux (stack)

Determinants of blood viscosity

V (m/s)

η 

(mPas)

5

0

0 0.05

5. Flow rate, velocity 
gradient

4. Aggregation of  red blood cells

• Stack or roleaux formation.  

•More pronounced at low flow rates

Viscosity of blood
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Adaptation of RBC due to deformability

shear thinning
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Take home message #2: Az 
emlős vörösvérsejt az evolúciós 
siker egyik kulcsa!

Béka (bal), és ember (jobb) vörösvérsejt és kapilláris

Take home message #2: Az 
emlős vörösvérsejt az evolúciós 
siker egyik kulcsa!

Az emlősök ugyanakkora vértérfogatból ~16-szor több kapillárist 
képesek perfundálni, mint a béka, a diffúziós távolságok lerövidítése 
alapvetően lehetővé tette a nagy metabolikus aktivitású szövetek (agy) 
felépítését!
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